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In the paper we consider a problem for a first order, general, linear, integro-
differential, loaded equation containing linear, general, non-local and global terms in the
boundary condition.

By means of the obtained necessary conditions and the boundary condition the
loaded terms are removed and the given boundary value problem is reduced to the Fredholm
type, the second kind integral equation with weak property.

It is known that the Cauchy and boundary value problems were sufficiently
investigated for a first order ordinary differential and integro-differential equation.
The equation of the considered boundary value problem contains boundary values of
the unknown function, but non-local boundary condition contains global terms.

The solution of the problem is conducted in the following stages.

1) Fundamental solution is constructed for a differential part of the given
equation.

2) Necessary condition is found by means of this fundamental solution.

3) The given boundary values of the unknown function are determined from this
system (boundary values are expressed by the integral of this unknown
function).

4) Finally, having written these found values in the main expression we find
Fredholm type integral equation of the second kind for the unknown
function.

Problem Statement
Let's consider the following problem:

ly =a(x)y'(x)+b(x)y(x)+ HKl (% E)Y'(E)+ K, (%, £)y(£)]x

xd&+b,(x)y(0)+b,(x)y(H)= f(x), xe(0,1). M

Investigate the solution of equation under the boundary condition
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B,y(0)+ ﬂly(1)+.rK(§)y(§)d§=7, )

here a(x) =0, b(x), b,(x), b,(x) and f(X) are the real-valued known continuous
functions, K,(X,&) and K,(X,&) are real-valued functions with weak property,

K(X) is a real-valued continuous function, f,, S, and y are real constants.

From the adjoint differential solution and its fundamental solution we can
easily see that the fundamental solution of the expression

Ly =a(x)y'(x)+b(x)y(x),
adjoint to the principal part of the equation (1)

17z =—[a(x)z(X)] +b(x)2(x), A3)
18
200 = I G @
here
1, t>0,
|
o) = > t=0, (5)
0, t<O,

is a Heaviside function.

Necessary conditions. The following statement is true.
Theorem 1. If a a(x)# 0 is a real-valued differentiable function, b(Xx),

b,(X), b,(x) and f(X) are real-valued continuous functions, K,(x,¢) is a real-

valued function, continuous with respect to X and continuously differentiable with
respect to & , K,(x,&) and K(f) are real-valued continuous functions, £,, S,

and y are real constants, then

j f(X)Z(x,17)dx— y(l){a(l)Z(l, 1) +jZ(X, MK, (x,Hdx+

+ jbl ()Z(x, ﬂ)dx} +y(0){a(0)2(0,7) +jZ(X, MK, (x,0)dx—

Ki(x%¢)

—!bo(x>2(x,n)dx} I y(f)dfj[z( xpy o) Py
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y(m, it 1€ (0,1,

1 )
—Z(% K, (%, E)ldx =15 Y@, i 7 =0, ©6)

1
SYO, if p=1.

Indeed, to prove this statement it suffices we take into account that (4) is a
fundamental solution of (3) and multiply the both hand sides of (1) by (4) and
integrate the both hand sides with respect to X on (0,1) .

Remark 1. In the obtained expression (6) when 7=0 and 7=1 the

1
expressions obtained for 3 y(0) and 5 y(1) are necessary conditions. We can easily

see that one of these necessary conditions turns into identity, the second one takes the
following form:

a,y(0)+a,y(l)=0 —j p($)y($)dg, (7)
0
here
b(;a)(*;’)(;“) &
1+WI![K (X,0)—b,(x)]e dx, (8)
_ a(l) Ib(ga)(a)(c) § ob( ;;?;(i)d
a, = 2(0) (O)JK (x,1e dx —

)

}b (j)b( a)(;( >d5d

T a0): (x)e X,

o= j f(x)e° Ib( e >d‘fdx (10)

~ a0 ’

1 oKX, *’;:) b(i:(?)(C) 1 Obm(ga)(g)df

p(&) = a(O)I oF “dx— (O)JLK (x,&)e dx. (11)

Investigation of boundary values and Fredholm property of the problem.
Now we consider (7), (2) as a system of linear algebraic equations and see
that the following statement is true for y(0) and Yy(1)
Theorem 2. Under the conditions of theorem 1, if
By P
A= =0,

a, «a
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then

% B
y(0)=—+

| ] G
_K y(g) 57 y()_A _A

5 a| " Ip&) a a, 8 Cleg P&
If we put these expressions into (6) we obtain:
Theorem 3. Under the conditions of theorem 2 the boundary value problem

(1)-(2)

K B By 7 By K(S)
j J y(£)dg.

y(n) = F(ﬂ)+]Q(ﬂ,§)y(§)d§, 12)

0
is reduced to the Fredholm type integral equation of second kind. Thus, F(n) and

Q(n, z;‘) are expressed by the fundamental solution (4) and the data of the problem
1-@).

So, we found the sufficient condition for the Fredholm property of linear
general boundary value problem stated for a general linear equation of first order.

Unsolved problems
Problem 1. What we can say if in the equation (1) a(X) or K,(X, &) or both

of them are not differentiable.
Problem 2. What we can say if in the equation (1) the coefficient a(X)

vanishes at certain points and in the set (a,b) < (0,1) .
Problem 3. Find sufficient conditions for the Fredholm property of the obtained
problem when all data a(x), b(x), K,(x,%), b(x), f(x), B,, B,, K(&) and

y of the boundary value problem are the same order square matrices.
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BIRINCI TORTIB ADI XOTTi INTEQRO-DIFERENSIAL VO SORHOD QiYMOTLI
TONLIK UCUN QEYRI-LOKAL VO QLOBAL HODLOR SAXLAYAN SORHOD
SORTI DAXILINDO SORHOD MOSOLOSININ HOLLININ ARASDIRILMASI

M.R.FATEMi, N.9.OLIiYEV
XULASO

Bu maqalads birinci tortib iimumi, xotti, inteqro-diferensial, yiiklonmis tonlik ii¢iin xatti
imumi geyri-lokal vo qlobal hadlor saxlayan sorhad sorti daxilindo sarhad masalesina baxil-
misdir.

Almmusg zoruri sortlorin vo sorhad sortinin kdmayilo tonlikdon yiiklonmis hadlor aradan
qaldirilaraq verilmis sarhad masalssi ikinci név Fredholm tipli, zeif moxsusiyyatli inteqral ton-
liys gotirilir.

HNCCJIEJOBAHHUE PEHIEHUSA 'PAHUYHBIX 3AJTAY AJIA
UHTEI'PO-IU®PEPEHIIMAJILHOI'O HATPYKEHHOI'O JIMHEMHOI'O
JNOPEPEHIUAJIBHOI'O YPABHEHUS ITIEPBOTI'O ITOPAAKA
C I'PAHUYHBIMH YCJIIOBUAMU, COAEPKAIINMHU KAK HEJIOKAJIBHBIE,
TAK U I'/IOBAJIBHBIE CJIATAEMBIE

M.A.®ATEMMU, H.A.AJILEB
PE3IOME

B aTo0ii paboTe paccMoTpeHa rpaHWYHAs 33java Juis JHMHEHHOTO WHTErpo-muddepeH-
LMAJBHOTO Harpy>KEHHOTO YPaBHEHHS MEPBOTO MOPsAKA C TPAaHUYHBIMH YCIOBHSIMH, COJEP-
JKAIIMMH KaK HeJOKaJbHBIE, TaK H TII00aJbHBIC CllaraeMble.

[NomyyeHHbIE HEOOXOAWMBIE YCIOBHS COBMECTHO C TPaHHYHBIMH YCIOBHSIMU JIAfOT
BO3MOYKHOCTB UCKJIFOUHTb HATPYy)KCHHBIE CllaraeMble U3 ypaBHEHUS U TOJNYYUTh JOCTATOYHBIC
ycioBus PpenroabMOBOCTH.
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